Introduction
Supersonic channel flow is a prototypical example of a highspeed flow which allows for a systematic study of compressibility effects in wall-bounded turbulence without other important but distinct features such as streamwise development, shocks, and flow separation. Coleman et al. (1995) were the first to perform direct numerical simulations (DNS) of channel flow between cold isothermal walls with Mach numbers up to M = 3. They found that Morkovin's hypothesis, "the flow follows an incompressible pattern", holds for the most part, and that the Van-Driest log-law is valid. In a companion paper, Huang et al. (1995) observed that the turbulent stresses, ij R ρ , scale with the wall shear stress, w τ , and semi-local scaling is useful. Lechner et al. (2001) , in their study of M = 1.5 channel flow, reported that the anisotropy of the Reynolds stresses was changed relative to corresponding incompressible values, but no explanation was given. Morinishi et al. (2003) simulated supersonic channel flow at M = 1.5 with one wall isothermal and the other wall adiabatic, finding that the resulting differences of the flow between the two halves of the channel are significant.
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The influence of compressibility on passive scalar transport has not yet been studied so far in wall-bounded turbulent flows. Kim et al. (1989) performed the first direct simulations of passive scalar transport in incompressible fully developed turbulent channel flow at a Reynolds number Reτ , based on friction velocity, uτ , and channel half width, h, of 180. They used two types of boundary conditions. In one case, the scalar (temperature) was internally generated and isothermal walls of the same temperature served as boundary conditions. In the other case, a different temperature was imposed at each of the isothermal walls. The Prandtl numbers were varied between 0.1 and 2. Recently, Johansson et al. (1999) performed a similar DNS of incompressible channel flow, imposing a mean scalar (temperature) gradient at a Reynolds number of Reτ = 265 and a Prandtl number of 0.7. In which way compressibility affects passive scalar transport is important to know, before active scalar transport is investigated, the understanding of which is prerequisite to the understanding of combustion processes. Based on the above literature survey it appears that, although the behaviour of the mean velocity profile is well understood in supersonic channel flow, there are open issues regarding the behaviour of the turbulent stresses and turbulent scalar fluxes. In the case of incompressible channel flow, the fluctuating velocity scale is / , and the outer length scale, h (the channel half width), leading to well-established inner and outer scalings of the turbulence. Corresponding scalings apply to the turbulent scalar fluxes. The applicability of these scalings to the turbulent momentum and scalar fluxes and their transport equations in the context of compressible flow will be evaluated. At the same time an explanation will be given why the turbulence structure is modified due to compressibility. 
Numerical Method and Computational Details
In this section, we describe the basic equations for compressible flow of an ideal gas including passive scalar transport, how these equations are integrated numerically and which initial and boundary conditions are used to predict fully developed turbulent channel flow.
Equations of Motion
Turbulent flow of a compressible ideal gas (air) including passive scalar transport is governed by the following set of transport equations in Cartesian tensor notation:
represent pressure, Cartesian velocity components, entropy, density and concentration of a passive scalar, respectively and i t , ∂ ∂ denote temporal and spatial derivatives. This special set of variables has been chosen, in order to compute the relevant modes of compressible turbulence, namely 'pressure, entropy and vorticity' as 'directly' as possible. A vorticity transport equation has been avoided here, since two of the vorticity boundary conditions cannot be formulated exactly. The body force f 1 δ i1 in equation (2) will be specified later in such a way that it replaces the mean streamwise pressure gradient. In equations (1-3) the components of the heat flux vector , q j the viscous stress tensor , ij τ and the dissipation rate , Φ read:
The thermal equation of state
and the following laws for dynamic viscosity µ , heat conductivity λ and diffusivity D close the set of equations:
The Prandtl number Pr, the Schmidt number Sc and the ratio of specific heats γ are kept at constant values in the temperature and concentration ranges considered, namely Pr = 0.7, Sc = 1.0, 
Numerical Method and Computational Details
The equations of motion (1-4) are cast in a characteristic nonconservative form, following Sesterhenn (2001) , which allows to formulate wall and free boundary conditions consistently with the field equations. A 5 th -order compact upwind scheme of Adams and Shariff (1996) is used to discretize the hyperbolic (Euler) terms in the equations of motion. The molecular transport terms are discretized with a compact 6 th -order scheme of Lele (1992) . The solution is advanced in time with a 3 rd -order 'low-storage' RungeKutta scheme, proposed by Williamson (1980) . The body force term 1 i 1 f δ in the momentum equation is introduced in order to replace the mean pressure gradient in streamwise direction. It is uniform in 3D space and allows to handle fully developed turbulent flow using periodic boundary conditions for all variables in stream-and spanwise directions. A mean scalar gradient is imposed on the flow, using an initial profile of the form (Johansson, 1999) :
At the walls the velocity components satisfy no-slip and impermeability boundary conditions. The passive scalar is injected at the lower wall ( x 2 = 0 ) with vanishing momentum and removed through the upper wall. Its boundary conditions, hence, read:
For a solid isothermal and stationary wall the pressure and entropy boundary conditions have the form:
They follow from Gibbs' fundamental relation and the momentum balance in the wall normal direction, which reads in characteristic form:
using 'waves' defined by:
is the speed of sound. The boundary conditions (11) and (12) show explicitely that pressure and entropy evolve in time at the wall. A possible way of initializing compressible turbulent channel flow, is as follows: A mean streamwise velocity profile is specified according to a linear law between the wall and 10 / u x x w 2 2 = ν = τ + and a log-law from there to the centreline. The mean temperature corresponds to its wall value and the mean density to its bulk-average, see equation (16) . Velocity fluctuations are given as random fluctuations with zero mean values. The level of the rms-fluctuations may be of the order of 5% of the bulk-averaged velocity. Temperature, density and entropy fluctuations are zero. Pressure fluctuations are proportional to velocity fluctuations times the mean density. Since fully-developed shear-turbulence is independent of initial conditions, the choice of these conditions is not critical. They will be swept out of the flow domain during an initial transient stage. Once a stable turbulence field has been generated, it can be used as initial condition in the simulation with other flow parameters. The numerical algorithm has been previously validated by Lechner et al. (2001) whose results for a Mach number M = 1.5 case are in excellent agreement with those of Coleman et al. (1995) . The present paper reports on five direct numerical simulations for different Reynolds and Mach numbers. The global Mach and Reynolds numbers for fully developed turbulent channel flow are defined as
The speed of sound and the dynamic viscosity are evaluated at a wall temperature which has the constant value T w = 500 K in all cases. The bulk-averaged density and velocity read
The overbar denotes Reynolds averaged quantities to be defined below. Table 1 
Statistical Equations for Fully Developed Channel Flow
In this section we define statistical and fluctuating quantities and present the statistically averaged equations of motion for fully developed channel flow as well as transport equations for the Reynolds stresses and the turbulent scalar fluxes. It is common practice to work with Reynolds-and Favre-averaged, i.e. massweighted averaged quantities simultaneously. Velocity components and temperature are decomposed in the following way:
.
Density, pressure, entropy (and the molecular transport coefficients) follow Reynolds' decomposition:
The statistical operation, represented by the overbar, is achieved by averaging in the streamwise and spanwise directions, i.e. over 512*256 mesh points (case M3.5) and in time. A typical number of statistically independent time samples is 10 3 for basic quantities, like mean velocity, pressure, density, and 10 4 for correlations like the Reynolds stresses.
Mean Balance Equations
Considering the above decompositions and the fact that fully developed channel flow leads to the following balance equations for mean streamwise momentum and scalar
In equation (21) the mean body force, 1 f , replaces the mean pressure gradient and is related to the wall shear stress in the following way:
Integrating equations ( The '+' indicates normalization with wall units, namely the friction velocity, uτ , the viscosity at the wall, 
From (24) we conclude that the sum of the viscous and Reynolds shear stresses varies linearly in the channel, decreasing from its wall value to zero at the centreline. (25) indicates that the sum of molecular and turbulent scalar fluxes is constant. Unlike the viscous stress, the molecular scalar flux is non-zero at the centreline, which leads to considerable production of scalar fluctuations in the channel core. The mean balance of the total enthalpy, 
The first term on the l.h.s. is non-zero since it contains the mean pressure gradient. Obviously,
All the other streamwise gradients of mean quantities and correlations vanish. Now, integrating equation (27) which states that the work done by the mean pressure gradient in one half of the channel corresponds to the heat that leaves the channel through the isothermal wall. In other words, in order to achieve supersonic velocities in a channel, the walls have to be cooled. Adiabatic walls do not allow for supersonic flow and lead to choking.
Budgets of the Reynolds Stresses, the Scalar Fluxes and the Scalar Variance
In order to analyze effects of compressibility on second-order moments of turbulent fluctuations, one has to study their transport equations. These equations contain higher-order correlations and are, hence, unclosed. It is a real challenge for turbulence modellers to develop proper models which relate unknown higher-order correlations to known correlations and variables. DNS helps to test these models and to improve them. The transport equations for the streamwise and spanwise components, 
Both fluxes are primarily produced by mean scalar gradients, the streamwise scalar flux in addition by the mean velocity gradient. Both balances contain turbulent and viscous transport terms, scalar pressure-gradient correlations (the analogues of velocity pressuregradient terms in the Reynolds stress transport equations) and, finally, destruction terms due to viscous and diffusion effects. The transport equation for the scalar variance, 2 / 2 ξ ′ ′ ρ , reads:
Scalar fluctuations are produced by the mean scalar gradient alone. If the mean flow were accelerated or retarded, there would be a production term by mean dilatation as well. We further note that turbulent transport of scalar fluctuations and viscous diffusion as well as dissipation contribute to the dynamics of scalar fluctuations. Diffusion and dissipation consist of two terms, respectively, where the terms involving correlations between 'viscosity' and scalar fluctuations are generally small.
DNS Results
In this section we investigate effects of compressibility on the Reynolds stresses, scalar fluxes and terms in the corresponding balance equations. We also provide an explanation for the structural changes of correlations involving pressure fluctuations, like the pressure-strain and pressure-scalar-gradient correlations. Wherever possible, we use comparisons with DNS data of incompressible channel flow for a better understanding of the high-speed physical mechanisms.
Mean Flow Properties
Compressibility effects in fully developed channel flow originate mainly from the large changes in fluid properties, ρ and µ , caused by viscous heating. Figure 1 shows profiles of these quantities for four Mach number cases listed in Table 1 . The increase in mean temperature in the channel core as a result of mean and turbulent dissipation, leads to a steep rise in viscosity and entails a simular decrease in mean density. Given the fact that the mean wall-normal pressure gradient is negligibly small, corresponding density and temperature gradients are equal in magnitude, but opposite in sign. From the averaged ideal gas law, we obtain, neglecting the contribution from the density-temperature correlation:
Equation (37) also contains the assumption that the wall-normal mean pressure gradient resulting from the wall-normal momentum balance
is small. In (38), in a semi-logarithmic plot. This transformation provides a reasonable collapse of the various cases in the outer region alone and there seems to be no way of finding a single transformation which does a good job in the inner as well as the outer layer. Neglecting the turbulent fluxes in equations (24) and (25), we get for the viscous sublayer: 
The Turbulent Stress Tensor
At sufficiently large distances from the wall, where the viscous stress is small at high Reynolds numbers, the shear stress balance, eq. (24), allows to conclude that the quantity w 12 R τ ρ is In Figure 6 , cases M0.3 and I 1 are practically indistinguishable. Given the fact that cases M3.0 and I 3 have similar Reynolds numbers, τ Re , the differences between their 
where
denotes the substantial derivative based on mean convective transport. The viscous and diffusion terms have not been written out, because we intend to discuss the large scale turbulent effects. In both equations there are very similar production and turbulent transport terms (2 nd and 3 rd terms on the l.h.s.) and effects by mean turbulent transport. The only difference between both equations is the fluctuating streamwise pressure gradient. As will be shown later, the importance of this term is substantially reduced due to compressibility. The same is true for the production terms in the wall layer. Hence, the higher the Mach number, the stronger is the similarity between 1 u ′ ′ and ξ ′ ′ . In Figure 10 we present profiles of the r.m.s. scalar fluctuations, normalized by w ξ . These profiles reveal peaks in the wall layer and maxima at the channel centreline which are due to non-zero gradients of the mean scalar, cf. Figure 5 . Effects similar to those for the streamwise Reynolds stress (and the turbulent kinetic energy, not shown here) can be observed, namely: an increase in Reynolds number intensifies the near-wall peak. A simultaneous increase in Mach number lowers it again, so that eventually these effects compensate each other.
Budgets of Second-Order Moments
Reynolds stresses: Terms in the transport equations for the x , which is customary for incompressible flow, do not show a tendency to collapse incompressible and compressible data. Hence, an alternate inner scaling is required. This is obtained by considering the kinetic energy production term, P 11 of the 11 R ρ -balance. Away from the viscous layer, the Reynolds shear stress scales as
, while the mean shear is ( )
Equation (47) Figure 11 shows profiles of the terms in the 11 R ρ -balance, normalized accordingly. The dominant terms in the near-wall region, namely, production, dissipation and viscous diffusion do not change significantly between cases M3.0 and I 3 . However, as shown in Figure 11 (bottom), the pressure-strain correlation,
changes significantly between cases. Compressible flow, obviously, reduces the pressure-strain correlations in a remarkable way. A In Figure 12 we demonstrate for 
Scalar fluxes and scalar variance:
A suitable normalization of the streamwise and spanwise scalar flux balances must be found. The streamwise scalar flux balance e.g. has two production terms, see eq. (34). They scale outside the viscous layer as:
. u
As long as the Schmidt number is 1 or O(1), the streamwise scalar flux budget has to be normalized with 
Obviously, the scaling parameters differ from those for the wallnormal scalar flux only by the factor τ τ ξ u .
Upper bounds of production rates: It is interesting to compute the high Reynolds number limits of the peak production rates of the streamwise Reynolds stress (respectively the turbulent kinetic energy) and the scalar flux and to compare them with their incompressible counterparts. In the limit of high Reynolds number, 
The equal sign is valid for incompressible flow. In a similar way, we obtain the upper bound for the production rate of the scalar variance from: Again, the equal sign holds for incompressible isothermal flow. Viscous heating in compressible flow consequently reduces the production rate of the scalar variance in a similar way as it reduces the streamwise Reynolds stress production. . Dissipation is less important in the wall-normal scalar flux budget. Instead, the pressure-scalar gradient correlation balances the production term there. It also plays a remarkable role in the streamwise scalar flux. As we will see, it is strongly damped in compressible flow, very much like the pressure-strain correlation or velocity-pressure-gradient correlation. Figures 16-18 demonstrate the effect of Mach number on the production rates of
. There is a clear decrease of the peak values as M increases and an increase with Reτ .
Finally, we demonstrate the outer scaling of the scalar-pressure gradient correlations 
Correlations Involving Pressure Fluctuations
A quantitative explanation for the reduction of pressure-strain correlations and scalar pressure-gradient correlations due to compressibility starts from an equation for the pressure fluctuations. It is derived from the momentum equation, by taking its divergence and incorporating mass conservation. Splitting flow variables into mean and fluctuating variables, we get the following relation (see Foysi et al. (2004) ), valid for fully developed channel flow: 
If we replace fρ in this equation by the point source, ( ) 
Conclusions
Direct numerical simulations of compressible turbulent channel flow including passive scalar transport have been performed in order to investigate in which way compressibility affects the mean flow quantities and the turbulence structure in wall-bounded flows. The following findings are reported:
-Supersonic, turbulent channel flow exists only when the heat generated by dissipation within the flow field is removed through the walls. This needs wall cooling and entails strong near-wall mean temperature, viscosity and density gradients. -There is no similarity transformation which collapses velocity profiles for various Mach and Reynolds numbers onto one profile in the whole domain. It is observed that viscositytransformed mean velocities work well in the near-wall region and density-transformed 'Van Driest' velocities are suited for the log layer. -All the Reynolds stress components scale with the wall shear stress, τ w , in the channel core region, independent of Mach and Reynolds number. In the wall layer, semi-local coordinate scaling at least provides a proper collapse of the positions where most of the turbulence is produced, but not of the amplitudes themselves.
-Other than the mean streamwise velocity, the mean scalar (introduced on one side and removed from the other) has a non-zero gradient on the channel centreline, which leads to a non-zero mean molecular flux and destroys the analogy between the Reynolds shear stress and the wall-normal scalar flux. The mean scalar gradient in turn produces a peak in the scalar fluctuations on the channel centreline. -The streamwise scalar flux on the other hand scales properly in the core region of the channel with the molecular scalar flux at the wall, , is unsuited to properly collapse all scalar pressure-gradient correlations.
-The reduction in pressure fluctuations observed in the wall layer of compressible turbulent channel flow that is responsible for the dramatic reduction of pressure-strain and scalar pressure-gradient correlations could be related to the variation of the mean density normal to the wall. This is demonstrated by a Green's function approach of the Poisson equation for the pressure fluctuations. These findings should have an impact on the modeling of correlations involving pressure fluctuations.
